The paper concerns a rational and physically feasible description of gross separation from the surface of a plane and more-or-less bluff obstacle in an incompressible and otherwise perfectly uniform stream for arbitrarily large values of the globally formed Reynolds number. The analysis is initialized by a remarkable conclusion drawn from recent theoretical results that is corroborated by experimental findings but apparently contrasts common reasoning: the attached boundary layer extending from the front stagnation point to the position of separation at the body surface never attains a fully developed turbulent state, even in the limit of infinite Reynolds number. As a consequence, the boundary layer exhibits a certain level of turbulence intensity that is determined by the separation process governed by locally strong viscous/inviscid flow interaction. This mechanism is expected to be associated with rapid transition of the separating shear layer towards an almost fully developed turbulent state. Here a rigorous asymptotic analysis, essentially carried out without resorting to a specific turbulent closure and supported by a numerical investigation, of the topology of the boundary layer flow close to separation is presented.
The paper concerns a rational and physically feasible description of gross separation from the surface of a plane and more-or-less bluff obstacle in an incompressible and otherwise perfectly uniform stream for arbitrarily large values of the globally formed Reynolds number. The analysis is initialized by a remarkable conclusion drawn from recent theoretical results that is corroborated by experimental findings but apparently contrasts common reasoning: the attached boundary layer extending from the front stagnation point to the position of separation at the body surface never attains a fully developed turbulent state, even in the limit of infinite Reynolds number. As a consequence, the boundary layer exhibits a certain level of turbulence intensity that is determined by the separation process governed by locally strong viscous/inviscid flow interaction. This mechanism is expected to be associated with rapid transition of the separating shear layer towards an almost fully developed turbulent state. Here a rigorous asymptotic analysis, essentially carried out without resorting to a specific turbulent closure and supported by a numerical investigation, of the topology of the boundary layer flow close to separation is presented. otwithstanding its principal importance for providing a sound basis to predict the extremes of safe flight conditions (i.e. of drag and lift), as well as effective methods of flow control, the rational time-mean description of massive BL separation from a relatively thick airfoil must, unfortunately, still be regarded as one of the most challenging unsolved basic problems in theoretical fluid mechanic. We shall be concerned with this issue in the present paper, where, for the sake of simplicity and clearness, the analysis is restricted to incompressible nominally steady and two-dimensional flow of a fluid with uniform density and viscosity.
rigid surface) on a spatial scale comparable with the body dimensions as the governing parameter, namely the globally formed Reynolds number, Re, takes on arbitrarily large values;
(ii) the presumably locally concentrated mechanism of transition of the originally laminar flow near the leading-edge or front stagnation point F towards a more-or-less pronounced turbulent BL further downstream as Re → ∞;
(iii) the asymptotic structure of the attached portion of the BL downstream of the location of transition;
(iv) the development of a local asymptotic theory of self-induced separation, which (presumably) in essence requires the description of strong BL interaction, allowing for a gradual transformation of the BL into a separated shear layer;
(v) finally, the description of the separated-flow regions (i.e. separated shear layer, weakly recirculating separated flow region in the lee side of the obstacle, downstream-evolving wake flow).
An attempt to rigorously tackle the questions (i)-(iii) has been made by the authors in a recent preceding study, see Ref. 1 . First, there they have (convincingly) outlined that in the limit Re → ∞ the time-averaged global flow is to be sought in the class of the well-known Helmholtz-Kirchhoff-type flows that exhibit free streamlines which depart smoothly from the surface in S. 2, 3 Secondly, the authors have seized a physically appealing suggestion to cope with the ab initio unknown level of turbulence intensity -or, equivalently, the order of magnitude of the Reynolds stresses -in the part of the BL that stretches from F to the position of separation, which must be attributed to Neish and Smith, see Ref. 4 : in that previous work on the BL flow past a bluff body flow a classical, i.e. Prandtl-type, BL-formulation is adopted, where the included Reynolds shear stress is assumed to be proportional to a so-called turbulence intensity gauge factor, T , that may assume arbitrarily large values also as Re → ∞.
Amongst others, it has been demonstrated in those preceding studies that in the limit T → ∞ the BL structure is closely related to that of a fully developed turbulent BL which is characterized by the commonly accepted two-tiered asymptotic splitting. 5 As has been pointed out in Refs. 4, 6 , this type of a turbulent BL refers to firmly attached flows only, as the interplay between the small relative streamwise velocity deficit of O(1/ ln Re) in the outer main layer and the comparatively transcendentally thin viscous wall layer is found to preclude a rational description of separation on the basis of first principles (a brief rationale is presented in § V). On the other hand, by considering the aforementioned "mixed" laminarturbulent BL 1, 4 in the limit T → ∞, the velocity deficit is seen to be of O(1/ ln T ), whereas the ratio of the thicknesses of the outer and the wall layer is of O[(ln T /T ) 2 ]. Most important, as already indicated in Ref. 4 , it is very likely that the in item (iv) above raised demand to devise a local interaction theory then can be accomplished on condition that T essentially shows a specific algebraic dependence on Re as Re → ∞. Furthermore, in striking contrast to the well-established local asymptotic theory of purely laminar separation, 7, 8 in the turbulent case the well-known so-called BV condition (namely, of an asymptotically weak BV singularity of the potential flow in S) does not hold, despite some close formal resemblances the formulation of the underlying triple-deck problem is expected to bear.
Instead of directly focussing on this particular distinguished limit and the associated local description of separation (and, in turn, heading to the above point (v) then), we feel it much more instructive to initially elucidate the further differences and analogies between the behavior of purely laminar BL flow and that assumed in the large-T limit as separation is approached. Thus, this paper deals with the BL equations in the limit T → ∞, where the driving external Kirchhoff-type flow is parametrized by the so-called BV parameter k that measures the strength the BV singularity and its position on the obstacle surface, indicated by S. The solutions of the BL equations are found to terminate in form of a Goldstein-type singularity 9, 10 taking place at G, upstream of S, for T ≥ 0. Hence, particular emphasis is placed on highlighting the local structure of this singular behavior in dependence of k as T → ∞, when G approaches S. Since the flow description presented here solely relies on the BL approximation, it is, therefore, inevitably accompanied by the occurrence of those singularities. That is, it is rendered uniformly valid (and physically realistic) except within an asymptotically small region encompassing both singularities in the limit T → ∞. We note that an asymptotically correct global formulation of the separation process then will be completed in a subsequent separate treatment of the above quoted topics (iv) and (v).
I.B. Status Quo of Research
Before we commence the analysis as suggested above, it is useful to first itemize the most important preliminary results it is based on.
• It is well-known that the potential flow past a more-or-less blunt body (with a, respectively, smooth, wedge-, or cusp-shaped trailing edge) that exhibits free streamlines (confining an open or closed cavity) can be mapped onto that about a circular cylinder by means of conformal mapping. Also, the structure of the attached BL flow that stretches from F to G is found to be qualitatively independent of the specific distribution of the imposed pressure gradient for all positive values of T .
1 Most important, in the limit T → ∞ the local behavior of the solutions of the BL equations immediately upstream of G depends essentially only on the structure of the BV singularity.
2, 3 As a consequence, any local and global theories that cope with the issues (iv) and (v) above are expected to predict all the properties which are important for a comprehensive understanding of break-away separation independently of the specific choice of the imposed Kirchhoff-type flow. Therefore, the case of a circular cylinder, exposed to strictly uniform cross flow, is supposed to provide the "canonical" situation, sketched in figure 1 (a) . In turn, the Reynolds number is introduced in the form
Note that is assumed in figure 1 (a) that the Goldstein singularity takes place upstream of S and (coincides asymptotically with the separation point. • In the following, we consider an attached BL that behaves "as turbulent as possible", such that T is "as large as possible" as Re → ∞. However, it is interesting to note that the numerical analysis of the BL equations put forward in Ref. 1 points to a second, different picture of massive separation in the limit (1), not pursued further here (cf. § IV.B): in that case, both k and T assume specific (positive) values, such that the Goldstein singularity is vanishingly weak and, simultaneously, G coincides with S. We note that, for the time being, it is fully unclear whether this limiting solution of the BL equations allows for a self-consistent flow description.
• The analysis of the contrasting case T → ∞ presented in Ref. 1 strongly suggests a rather remarkable property of BL flow issuing from a stagnation point, namely, that T is bounded from above by O(Re 1/2 ). Most important, the (hypothetical) limit T = Re 1/2 refers to a fully developed turbulent BL that exhibits the well-known two-layer structure, 5 which is essentially governed by perfect equilibrium between the wall shear stress and the sum of the molecular and the turbulent stresses. In that case, however, the Reynolds-averaged Navier-Stokes equations, non-dimensional withŨ ,R,ν, and the density̺, would be fully retained (except for curvature effects) in the limit (1) in a square region showing an extent of O(Re −1/2 ) close to F. The thereby reduced Reynolds number, relevant for the flow in this small region, then has the value 1. Therefore, it is rather unlikely that transition towards fully developed turbulence can develop there. Consequently, we expect a BL type flow in a region which stretches of O(1/T ) from F, i.e. of asymptotically larger extent than that normal to the wall of O(Re −1/2 ). We will revert to this consideration in connection with the analysis given in § II.
• Hence, it has been demonstrated in Ref. 1 that this flow, associated with a slightly "underdeveloped" turbulence intensity level (T ≪ Re 1/2 ), gives rise to a BL that still exhibits the conventional two-tiered asymptotic splitting, known from a fully developed turbulent BL (T = Rey 1/2 ), 5 as it evolves along the obstacle surface. The resulting flow splitting is shown in figure 1 (b) , where the scalings are derived in § III.A. It is found, amongst others, that the (non-dimensional) BL thickness is of Re −1/2 T / ln T . However, the order of magnitude of T in terms of Re as T → ∞ is not known in advance but is expected to be fixed by the answer to the issue (iv) given in § I.A. Here, two strategies are possible to follow, in principle: first, the case k > 0 but independent of T , considered in the following. The second possibility assumes k → ∞ as T → ∞ and is tied in with the analysis of trailing-edge flow presented in Refs. 4, 6. That is, in the latter case the imposed potential flow is considered as the slightly perturbed well-known strictly attached inviscid-flow solution, having a rear stagnation point R. This will be pursued further in a different study.
• Indeed, the wind tunnel experiments carried out by Schewe 11 strongly suggest that the BL indeed never attains a fully developed turbulent state, even for arbitrarily large values of Re C . This remarkable (although still tentative) conclusion is drawn from the visualization of oil flow film measurements of the separating flow past the suction side of a more-or-less plane and thick airfoil (aspect ratioW :C = 6 : 1, angle of attack of 12
• ). Let us first consider the distributions of the drag and lift coefficients c D and c L , respectively, shown in figure 2 on the following page (b): here the typical jump-like changes for Re C ≈ 3.5 × 10 5 (associated with hysteresis effects, as indicated by arrows), Re C ≈ 2.5 × 10 6 , and Re C ≈ 7.5 × 10 6 reflect the transitions from so-called sub-to trans-, trans-to super-, and, finally, super-to postcritical BL flow, cf. Ref. 12 ; the extents of these particular flow regimes are indicated by vertical dotted lines. The first three of these notations are commonly adopted to categorize bluff-body flow by attempting to isolate the location of transition to a developed turbulent shear layer, namely -in order of their appearance -downstream, in the immediate vicinity of, and upstream of the position of time-mean separation. In the supercritical regime the location of transition is apparently shifted towards F as Re C increases. The postcritical flow is usually believed to be topologically equivalent to its asymptotic state, assumed in the limit Re C → ∞, as transition then already takes place close to F.
12
Consequently, one is tempted to argue that the upper and lower snapshots of the instantaneous flows displayed in figure 2 (a) refer to, respectively, trans-and fully turbulent supercritical, i.e. postcritical, BL flows. In the first case transition of the separating laminar BL towards a separated turbulent shear layer is associated with the formation of highly three-dimensional vortex structures. However, even in the latter case the streamline pattern of the attached part of the shear layer still shows laminar-like characteristics, where the typical turbulent spots, originating from wall layer bursts, are obviously absent. Most remarkable, here the line of separation is clearly visible, and three-dimensionality and unsteadiness are found to be much weaker than in the former case. Therefore, this image can hardly be associated with what is commonly referred to as "fully developed turbulent" flow. We note that to our knowledge corresponding measurements for Re C > 7.7 × 10 6 are currently not available.
Needless to say, the above interpretation of Schewe's data bears some undeniable uncertainties. The present paper, tied in a series of preceding studies on this topic, attempts to shed light on this remarkable finding from a theoretical point of view.
II. Problem Formulation
Here and in the following all lengths, velocities, and the pressure are non-dimensional with, respectively, R,Ũ , and̺Ũ 2 . Furthermore, let us adopt natural coordinates x, y, according to figure 1 (a). Then the continuity equation is satisfied identically as u = ∂ψ/∂y, hv = −∂ψ/∂x. Herein h = 1 + κ(x) y, where the surface curvature κ(x) = O(1) in general and taken to be positive for a convex body contour; note that κ ≡ 1 for the canonical case of a circular cylinder of radiusR. The time-or, (due to a well-known result of ergod theory) equivalently, Reynolds-averaged Navier-Stokes equations then read (cf. Ref. 13 , p. 81) where
] is the Laplacian. The equations of motion (2), (3) are subject to the usual no-slip condition,
and the requirement for unperturbed parallel incident flow, having a velocity of magnitude 1, for y → ∞, see figure 1 on page 5. With respect to the subsequent analysis, we tacitly assume that all components
of the Reynolds stress tensor are of equal magnitude for given positive values of x and y (common hypothesis of locally isotropic turbulence).
For moderate levels of the turbulence intensity in the BL that emerges in the limit (1) adjacent to the body surface, the latter is seen to be structurally of traditional laminar (i.e. Prandtl-) type.
1 Let us first consider the external flow.
We anticipate the outer expansion
such that the impressed external flow described by ψ 0 , p 0 is sought in the one-parameter family of Kirchhoff flows, exhibiting free streamlines that confine an (open or closed) cavity and depart at x = x S (k) from the surface, see figure 1 on page 5. That potential-flow solution is uniquely determined by the non-negative BV parameter k. Specifically, the surface slip velocity u e (x; k), given by ∂ y ψ 0 evaluated for y = 0, then exhibits the asymptotic behavior
Equation (6) reflects the well-known behavior of the potential flow near a (front) stagnation point, and Eq. (7) states that k measures the strength of the so-called BV singularity taking place at x = x S . Equation (7) stays formally intact even for arbitrarily small values of k if considered as an expansion in the independent double limit s → 0 − , k → 0 + . Note that in the inviscid limit |u| ≡ u e,S (k) along C, where u e,S = 1 in case of an open cavity, (according to the definition ofŨ ), and u e,S < 1 otherwise. Both the derivation of Eq. (7) and the method 3 adopted to obtain global potential-flow solutions, including u e,S as a function of k, will be presented in a subsequent related study. A brief discussion of the potential flow, based on the numerically obtained solutions, is presented in § IV.A. For the sake of completeness, however, here we mention that the expansion (7) can be calculated from the local behavior of the stream function as s → 0 − , suitably expressed in polar coordinates,
Also, we briefly mention a procedure how the shape y = y C of the free streamline that departs from the surface in S can be determined locally from Eq. (9): this expansion formally ceases to be valid near θ ∼ (4k/3)r 1/2 , which gives the leading term in the form
by exploiting the property ψ 0 = 0 for y = y C . Note that higher-order terms in Eq. (10) can be calculated recursively in this manner, where those in Eqs. (7) and (9), respectively, are due to the requirement of constant velocity along C.
Concerning the description of the attached BL for 0 ≤ x < x S , we closely follow Refs. 1, 4. In the inner expansion,
the so-called turbulence-level gauge factor T that accounts for the magnitude of the Reynolds stresses (i.e. the turbulence intensity) in the BL is assumed to be a constant of O (1), in general. Substitution of Eq. (11) into the governing equations (2)- (4) and taking into account Eq. (6) then gives rise to the leading-order BL problem, describing a generic BL that prevails in a transitional (i.e. neither laminar, nor fully turbulent) state,
From the last relationships one infers that Ψ matches with the (from the analysis of laminar flows) wellknown Hiemenz solution 13 of the full equations (2)-(4) of motion in the limit (1), which holds near F where x, y are both of
Equations (12)- (15), supplemented with an distribution u e (s; k), characteristic of the impressed inviscid flow, represent a well-posed initial-boundary value problem for Ψ , provided that Σ is modelled such that it exhibits the required asymptotic properties, expressed in Eqs. (13), (14) . Note that the behavior of Σ for x → 0 + reflects the quite obvious (and by any commonly adopted closure provided) proportionality between the Reynolds stress components and u 2 e , in respect of Eq. (6). In turn, the purely laminar case is simply obtained for T = 0. In order to take into account the effect of turbulence, we seek "non-trivial" solutions of Eqs. (12)- (14), i.e. such having Σ ≡ 0 for T > 0.
In particular, we subsequently focus on the pronounced turbulent case, associated with the limit T → ∞. To be more precise, it is the primary goal of the present study to elucidate the behavior of these limiting solutions immediately upstream of the BV singularity, expressed by the expansion (7).
Most important, in a flow region close to F that is characterized by x = O(1/T and Y = O(1) in the limit T → ∞, the original problem is seen to be formally fully retained in leading order when u e is represented by bx, see Eq. (6). However, there the full equations of motion (2), (3) allow for a BL approximation of their streamwise component, Eq. (2), only if T = o(Re 1/2 ). This is true as long as T ≪ Re 1/2 , which is assumed in the following in agreement with the considerations already outlined in § I.B.
III. Large-T Boundary Layer
In the following, the notation "turbulent BL" is adopted for the flow described by Eqs. (12) and (13) in the limit T → ∞. We now focus on the resulting asymptotic structure of that BL, specifically on its behavior near S. It is well-known that in the purely laminar case (T = 0) solutions of the BL problem Eq. (12)- (14) terminate in form of Goldstein singularity for k > 0, i.e. if the BV singularity exhibits finite strength; 2, 7 a similar situation has been found for T > 0. 1 We now investigate this behavior if T takes on arbitrarily large values.
III.A. Initially Attached Flow
In Eq. (12) the Reynolds stress term predominates its viscous counterpart for large values of T if x = O(1) and Y is sufficiently large, i.e. in the main portion or, equivalently, the fully turbulent region of the BL. Consequently, the problem given by Eqs. (12)- (15) then is singularly perturbed in an (at least) twofold manner, 1 since both shear stress contributions are found to be of the same order of magnitude in two different flow regimes: first, in the so-called transitional-flow region close to F and sketched in figure 1 on page 5 (b), where rapid laminar-turbulent transition takes place, so that both the suitable streamwise coordinate X = b 1/2 T x and Y are quantities of O (1) there; secondly, in the so-called viscous wall layer that is located adjacent to the surface as it evolves from the transitional-flow region, i.e. in the limit X → ∞.
We note that there exists, in addition, a relatively slender so-called superlayer on top of the main region, which is expected to develop from the transitional-flow region also as it accounts for the relatively pronounced outer edge of the turbulent BL and, hence, separates the turbulent motion from the ambient mainly irrotational flow, cf. Ref. 13 . However, this overlayer is disregarded here as its existence is rather of minor importance for the understanding of the basic properties the turbulent BL flow which are of interest subsequently. Therefore, by considering Eqs. (12) and the far-field boundary conditions in Eq. (13)), in the following a sharp line Y = δ(x; k, T ), with δ to be determined, will be taken to represent the BL edge with asymptotically sufficient accuracy.
As the process of matching the asymptotic expansions of the flow quantities in those two domains of non-uniformity and with the main layer, respectively, turns out to be essentially governed by the properties of the viscous wall layer, we consider the latter region first. Moreover, a rational description of the turbulent BL, based on minimum of physically motivated assumptions, is advantageously build up from the analysis of that wall region, as the source of the turbulent motion: the turbulent motion originates from its more-or-less universal dynamics that takes place close to the surface;
1 for a more elaborate overview on this topic we refer to Refs. 14-16.
III.A.1. Viscous Wall Layer
The two following basic properties of that region found in the (hypothetical) limiting case T = Re 
(B) for initially firmly attached flow, the imposed pressure gradient, given by −u e u ex , does not enter the leading-order approximation of Eq. (12).
Due to the scaling anticipated in item (A), convective terms in Eq. (12) are negligibly small. As a consequence of the assumption made in item (B), the BL equation then reduces to the well-accepted balance between the wall shear stress and the sum of the Reynolds and the molecular shear to leading order. The latter is commonly believed to be universal, or in perfect "equilibrium", for all types of turbulent wallbounded shear flows, as it is considered to be independent of x.
1, 14-16 The corresponding wall layer scaling fully agrees with that deduced from usually adopted closure schemes for Σ. 4 In turn, we appropriately set
Herein, the quantities denoted by the superscript "+" are assumed to be of O(1).
, the term Re −1/4 T 1/2 u T is appropriately interpreted as the skin-friction velocity, i.e. the square-root of the wall-shear stress Re 1 ∂u/∂y evaluated at y = 0, in agreement with item (A) above. Here we conveniently express it by making use of the BL scaling in the form
Then the BL equation (12) are transformed into
Herein, the sum of the Reynolds and the viscous shear stress, the so-called total shear stress, is written as
and P + denotes the rescaled imposed pressure gradient,
Then the aforementioned stress balance suggests the expansions (21) provided that the gauge functions are given by
Note the following three restrictions that lead to the specific form of the expansion (21), where consistency will be shown later: (i) eigensolutions that are due to matching with the flow quantities in the transitionalflow region have been omitted as they do not affect the main results of the subsequent analysis; (ii) it anticipates the relationship
implied by the dependence of γ on T (derived in § III.A.2 below), as it is assumed that u T x = u ex γ + O(γ 2 ), such that the remainder terms, indicated by the Landau symbols, turn out to be proportional to γ x to leading order; (iii) it is based on the aforementioned equilibrium of universal type, associated with the stress balance, which is expected to hold also for q 11 and q 12 , as the x-dependence of terms of O(P + ) and O(P + γ 2 ), respectively, is absorbed into the gauge functions P + and γ solely. The idea behind the last assumption becomes clear immediately by inspection of the accordingly expanded BL equation (18), subject to the boundary conditions (12) .
Substituting the expansion (21) into Eqs. (18) and (12) then yields, after integration with respect to Y + by taking into account the scalings given by Eqs. (16) and (17) and some manipulations,
Herein, in the integrands Ψ + 00 and Ψ + 11 are taken to be functions of ϑ. The first two of the relationships (24) represent, respectively, the already mentioned leading-order equilibrium between the total shear and the wall shear stress and the dominant effect of the imposed pressure gradient on the wall layer flow. These relationships initiate the infinite sequence of equations that determine Σ + t ij . That is, they can be solved hierarchically to predict Ψ + ij as functions of x, Y + , and k, subject to the no-slip conditions Ψ
, once the conditions of matching with the fully turbulent flow for Y + → ∞ are known and a suitable closure for Σ + is provided. In addition, the near-wall behavior can be elucidated by assuming that
in agreement with Eq. (13). Hence, this relation indicates that
since the effects of wall shear stress and the pressure gradient in the expansion (21) are subsumed into the dominant "equilibrium" terms q 
Secondly, we conclude the wall layer analysis by introducing the celebrated logarithmic law of the wall, which is commonly believed to hold for fully developed turbulent wall-bounded flow flow and has been introduced by adopting asymptotic reasoning in the seminal paper by Mellor: 5 there are convincing reasons to believe that the behavior Ψ + 00
is typical for the universal character of the time-averaged flow in the near-wall region. 1, 4, 14-17 Most important, integration of the first of the relationships (24) by employing any realistic closure model for the turbulent stress function Σ + then is assumed to reproduce the presently accepted empirical values 18 κ ≈ 0.384 and B + ≈ 4.1, which refer to a perfectly smooth surface.
We will see in the following that the adoption of the logarithmic law (28) indeed implies the initial assumption (B) or, equivalently, the limits expressed in Eqs. (20) and (22) .
III.A.2. Outer Defect Layer
As has already been outlined in Ref. 1, see also § I, § II, and figure 1 on page 5 (b), the downstream evolution of the transitional BL for X → ∞ exhibits a small streamwise velocity defect with respect to the external flow in the outer main portion of the BL. Accordingly, the Reynolds stress function Σ there becomes small, too.
Let the velocity defect and Σ be measured by the two gauge functions χ(T ) and σ(T ) in the form
From inspection of Eq. (12) one then readily infers that δ = O(T σ). In turn, a suitable outer-layer coordinate η is introduced by setting Y = δη, δ := T σ∆(x; k, T ).
Then the flow quantities are expected to have expansions of the form
Again, here we have disregarded the occurrence of eigensolutions that result from matching the main layer with the transitional-flow region, without loss of generality.
With respect to the subsequent investigation, it is sufficient to inspect the (homogeneous) leading-order equation only, which exhibits linearized convective terms. It is obtained by inserting Eq. (31) into Eq. (12), subsequent integration with respect to η, and imposing the proper boundary condition F 1 (x, 0) = 0,
We first consider the specific role of matching the flow in the main layer with that in the transitional region, , one consequently finds that all terms of Eq. (32) are retained in the limit x → 0 + and, interestingly, the dependence on k disappears. As a remarkable finding, the solution of Eq. (32) that holds for x = 0 admits an universal form,
These considerations also show why the case S 1,b = 0 is to be excluded: it would imply that (the for x > 0 strictly positive) quantity u 3 e ∆ 1 F 1 (x, 1; k) is independent of x and, thus, yield the contradiction
) as x → 0 + . Most important, then the matching conditions (27) and (28) allow for a direct match of the wall layer with the outer main layer. In turn, both the parameters χ and σ are conveniently identified formally with γ, cf. figure 1 on page 5 (b), leaving Eq. (32) unchanged, when we again anticipate the estimate (23) . As a result, S 1,b = 1, and Eq. (32) is supplemented with the boundary and matching conditions
Herein, the (positive) function B 1 (x; k) is considered as part of the solution for F 1 (x, η; k), and the requirement S 1 = 0 for η = 1 is associated with vanishing vorticity, expressed through u T F 1ηη /δ, at the BL edge. Also, it is useful to state the aforementioned relationship that follows from evaluation of Eq. (32) for η = 1,
The latter of these relationships represents the integral momentum balance for the small-defect description of turbulent BL flow, 13 which is obtained by making use of Eq. (33). The knowledge of the universal functions G, J then completes Eqs. (32) and (34) to an initial-boundary value problem for F 1 , S 1 for x ≥ 0. In principle, this can be solved by means of downstream integration if an asymptotically correct closure for S is provided that accounts for the logarithmic singularity of F 1η , see Eq. (34). Evaluation of Eqs. (32) and (34) for x → 0 + shows that G, J are self-similar solutions of these equations,
By considering Eq. (37), one finds that D = lim x→0 B 1 (x; k) and, thus, not known in advance. Interestingly, the universal boundary value problem posed by Eqs. (36) and (37) can be interpreted as the turbulent counterpart to the Hiemenz or laminar stagnating-flow problem (15) . Note that the transitional flow "connects" the Hiemenz flow, serving as an initial condition for X = 0, and its limiting downstream form, given by Eqs. (36) and (37) and obtained for X → ∞. Finally, matching of the streamwise velocity, Ψ Y , completes the leading-order analysis as it reveals the yet missing dependence of γ on T and the relationship (23) in terms of the "skin-friction law"
This relationship is consistent with the assumption (B) made at the beginning of § III.A.1 as it justifies the limits expressed in Eq. (20) and, in turn, Eq. (22), and the estimate (23) . We remark that the remainder terms in the expansion (38), indicated by the Landau symbol, are already affected by terms of O(γ 2 ) in the expansion (31). Also, note that the viscous stress term Ψ Y Y , entering Eq. (12), is asymptotically given by −u e F 1ηη /(T ∆ 1 ).
The analysis carried out so far confirms that the investigation of the large-T BL can essentially be traced back to that of a conventional fully developed turbulent BL 1 when T is formally replaced by its theoretical upper bound Re 1/2 , which can never be reached here, however.
III.B. Boundary Layer Structure near Separation
First, let us refer to the sketch in figure 3 that depicts the asymptotic splitting of the BL deduced in the subsequent investigation. The matching principle states that an asymptotically correct description of the BL flow in the limit T → ∞ is initiated by seeking a solution of Eqs. (36), (37) and, in the following, of Eq. (32) by means of downstream integration. Therefore, we first envisage the behavior of its solution F 1 , S 1 as s → 0 − .
III.B.1. Outer Defect Layer
The local behavior of the small-defect flow near separation has already been accounted for briefly in Ref. 6 . Here we present the analysis in a more precise manner, which, amongst others, accounts for the impact of higher-order terms in the resulting expansion, in close connection with the logarithmic behavior required by Eq. (34).
Inspection of Eqs. (7) and (the second relationship in Eq.) (35) shows that the product ∆ 1 F 1 (x, 1; k) is bounded in the limit s → 0 − . Since F 1 > 0 for η > 0, the second term in Eq. (32) then is a quantity of O(1). Furthermore, physically motivated reasoning, substantiated by inspection of any commonly employed (outer-layer) turbulence closure, 1, 6 strongly suggests that
In turn, if one assumes (the rather unexpected case) S 1 → 0 as s → 0 − it is readily found that all terms apart from u 3 e S 1 will enter the leading-order balance of Eq. (32). However, for the same reason explained for the case x → 0 + treated above, the resulting equation determining F 1 for S 1 → 0 is inconsistent with the boundary conditions (34). Therefore, we are left with the two remaining possibilities S 1 → ∞ or S 1 = O(1). In the first case Eq. (32) would reduce to a balance between the left-most term and u 3 e S 1 in leading order (accompanied by the emergence of a sublayer, located between the viscous wall and the main layer, due to the apparent inconsistency of the boundary conditions (34) with that balance). However, Eq. (39) then implies F 1 → ∞ and, consequently, ∆ 1 → 0 + as s → 0 − . The last finding not only is felt to misinterpret the physical mechanism of separation, but, more drastically, causes the first term in Eq. (32) to have negative sign and, therefore, a contradiction.
As a preliminary (and rather startling) result, the flow quantities assume finite limits when the external flow encounters the BV singularity. We then appropriately expand
where λ(s) → 0, λ ′ (s) → 0, and s → 0 − . Note that F 10 > 0 and that S 10 is non-negative; both these quantities are part of the global solution of Eqs. (32) and (34). In the expansion (40) the term q 11 refers to an eigensolution of, for the time being, unknown strength λ, and the contributions q 1j , j > 1, primarily account for the local behavior (7) of u e and the coupling between F 1 and ∆ 1 in Eq. (32); the flow is seen to be inviscid for terms smaller than of O(−s). Inserting the expansion (40) into Eq. (32) yields the equations determining q 11 and q 12 as
Herein, the dots indicate possible inhomogeneities due to a coupling between F 11 and ∆ 11 , enforced by Eq. (32). However, the solution for F 11 does not satisfy the condition of vanishing vorticity, given by F 11ηη , for η = 1 according to Eq. (34) (except for unlikely circumstances where (∂ 3 η F 10 )(1; k) = 0). Consequently, we assume λ = 0, so that Eq. (40) reduces to an expansion in terms of integer powers of (−s) 1/2 . Note that (F 12η )(1; k) = 0, and adopting the aforementioned condition for F 12 in Eq. (41) then yields the solvability conditions
In principle, proceeding in this fashion gives q 1j , j > 1, where the boundary conditions for η = 1 can be fulfilled solely by exploiting the convective operator in Eq. (32). Next, we stipulate that
in accordance with the requirements of matching with the near-wall flow given in Eq. (34). Unfortunately, F 12η then will also exhibit a logarithmic singularity, cf. Eq. (42), which clearly violates the original near-wall condition for F 1η (and, in turn, for S 1 ). This inconsistency can only be resolved by the introduction of a sublayer of (the initially unknown) relative thickness ∆ * (s). The therewith suggested stretching transformation
casts Eq. (32) into the form
Substitution of the appropriate expansions
into Eq. (45) and taking into account Eqs. (7) and the second of the relationships (42) then shows that the least-degenerate form of Eq. (45) reduces to a balance to be aimed at to determine F * 1 and S * 1 ,
This suitably reduced equation not only proves consistency with the assumed behavior (43). Most important, it fixes that 2kη
in order to allow for a solution [F * 1 , S * 1 ](η * ; k) that satisfies the required matching and boundary conditions
Herein, the condition for η * → ∞ follows from the asymptotic behavior of Eq. (48) and the first of the relationships (42). According to Eq. (43), matching with the main region where η = O(1) yields
Herein, a * 0 is determined by the global solution of Eqs. (32) and (34). Interestingly, an analogous square-root behavior of the leading-order velocity profile is well-known to hold (albeit in the context of a quite different asymptotic framework) for a turbulent BL on the verge of marginal separation.
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For a specific closure in agreement with Eq. (39), like the mixing-length-based formulation
which is commonly believed to hold on top of the viscous wall layer. 13 The second relationship in Eq. (51) then follows from linearization about the terminal velocity profile, F ′ 10 , by using Eq. (43) and Eq. (46). In turn, one recognizes that only the conditions for η * = 0 in Eq. (49) represent true boundary conditions. Those for η * → ∞ are seen to be satisfied identically. By adopting the simple model given by Eq. (51), evaluation of Eqs. (48) subject to the boundary conditions (49) for η * → 0 yields
In fact, the velocity defect at the base of the defect layer is increased by an amount of O[(−s) 1/2 ln(−s)] as it follows from Eqs. (34) and (46) that
In passing we mention that a closed solution of Eqs. (48) and (49), based on the rather simple but asymptotically correct closure (51), is given by
Inspection of the scalings (16) and (30) indicates a collapse of the sublayer where η * = O(1) with the viscous wall layer when −s = O[(T γ) −2 ]. However, we will see subsequently that this scenario is prevented by the asymptotic structure of the wall layer as s → 0 − , which assigns the outer layer an essentially passive role. Hence, we conclude the analysis of the analysis of the outer defect layer by emphasizing the basic result that the primary expansion (31) is seen to be uniformly valid in the (independent) double limit s → 0 − , χ = γ → 0.
III.B.2. Viscous Wall Layer
The more demanding part of the analysis concerns the near-wall flow. Here both the pressure gradient and convective term are found to be initially negligibly small, cf. Eqs. (20)- (22), but inevitably provide a leadingorder effect near separation where the gradients with respect to x become arbitrarily large, as a consequence of the behavior (7) . Let us first demonstrate how they come into play in a rather subtle manner as s → 0 − .
In the latter limit expansion (21) remains valid and, simultaneously, accounts for the sequence (24) as long as q 11 enters the equation determining q 21 as a quantity that is regarded as known already. In other words, as long as this condition holds, each term in Eqs. (21) and (24) can be expanded into integer powers of (−s) 1/2 , according to Eq. (7). This is accomplished by expanding the quantity E in Eq. (38) according to Eq. (53) and keeping T fixed, giving
] now suitably replaces the relationship (23) . Substituting these expressions into the expansion (21) then results in an uniformly valid expansion holding in the (independent) double limit s → 0 − , T → ∞, which ceases to be valid when ǫ q in Eq. (24) the first term then predominates the second as s → 0 − ; hence, the breakdown occurs when
Note that Eqs. (38) and (55) then yield
We now concentrate on this distinguished limit by introducing a suitable streamwise coordinates = O (1),
We then obtain from Eqs. (20) and (55)-(57)
In the expansion of Ψ + , Σ + , resulting from inspection of Eq. (18), then only the first two terms are of interest for the subsequent analysis,
Herein,Ψ + ,Σ + are quantities of O(1). Inserting Eq. (59) into the BL equation (18) and expanding gives rise to a linear initial-boundary value problem for these quantities,
Equations (60) and (61) have to be supplemented with appropriate matching conditions for Y + → ∞. These provide a match with the outer defect layer as they follow from the matching conditions to be imposed on the equations for Σ + t 11 and Σ + t 21 for −s = O(1), see Eq. (24) . Note that they depend on the higher-order properties of any specific closure for Σ + that accounts for the leading-order overlap behavior given by (27) and (28) . For the present investigation, however, it is only relevant to consider the behavior of the solution to the problem posed by Eqs. (60) and (61) in the limits → 0 − . We stress that the understanding of the BL flow near separation is essentially provided by the local interplay between the two terms quoted in the expansion (59) in the double limits → 0 − , Y + → 0. Hence, the following analysis shows close resemblance with that of the purely laminar case, where we refer to the study by Messiter and Enlow 21 and the synopsis presented in Ref. 2: the only striking difference is that here k = O(1) and the problem for perturbation stream functionΨ + accounts for the relatively weak convective terms in the strongly viscosity-affected nearwall flow region, whereas in the laminar case the corresponding perturbation is due to an asymptotically weak BV singularity, giving k = O(Re −1/16 ), but convection predominates throughout. It is obvious that the shear stress terms do not enter the leading-order balance Eqs. (60) reduces to in the limits → 0 − . Then the behavior ofΨ + fors → 0 − and Y + = O(1) in its most general form is found in the form
where both the contribution of O(1),Ψ + 1 , and the gauge function α(s) that accounts for the occurrence of eigensolutions are a priori unknown. However, the local solution given in Eq. (62) does not satisfy the no-slip condition (61). Therefore, a sublayer has to be introduced where the viscous stress term plays a dominant role. From gives
Substituting this expansion into Eqs. (60) and (61) yields
The solution to this problem that exhibits sub-exponential growth for ζ → ∞ can be expressed through confluent hypergeometric functions by adopting standard techniques:
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1/3 Γ( Note the pronounced increase of the resulting negative perturbation in the resulting expansion of the wall shear:
Finally, matching the region where ζ = O(1) and the main portion of the viscous wall layer, where
That is,Ψ + is bounded fors → 0 − , and, accordingly, the contribution to the Reynolds stress,Σ + , assumes a finite limit,
Remarkably, the terminal structure of the problem (60), (61) in the limits → 0 − is found to be universal, i.e. independent of the specific form of the (exponentially decreasing) eigensolutions fors → −∞, which trigger a non-zero wall shear contribution, (∂ 2 Y +Ψ + )(s, Y + = 0) ≡ 0, that results in the perturbation given in the expansion (67). That is, the existence of these eigensolutions, not considered here, is crucial for the asymptotic structure of the flow ass → 0 − .
We also note that the expansion (40) remains essentially intact, as a consequence of the logarithmic behavior (28) , in the narrow region wheres = O(1), if γ is replaced by γ 0 . Moreover, it will turn out in § III.B.3 below that the flow in the outer main layer is virtually unaffected by the wall layer flow for 1/T ≪ x < x G throughout, i.e. even for the terminal distinguished limits → 0 − as T → ∞.
III.B.3. Nonlinear Breakdown
Most important, a further breakdown of the hitherto existing asymptotic structure is encountered when π 1/6 = O(π + ), thus, giving rise to a new sublayer. Therefore, this flow regime is conveniently described by assuming that the streamwise coordinatê s, defined bys = π +6ŝ ,
is a quantity of O(1). Let us first consider the main portion of the wall layer, namely the so-called core region, where both Y + andŝ are quantities of O(1). Note that the pressure gradient term P + then has increased in magnitude from O(π + ), see Eq. (58), to O(1/π +2 ) here. Now its contribution to Eq. (60) is seen to be of O(1/π +3 ), whereas the predominating convective terms appear to be of O(1/π +6 ) therein. From inspection of the original wall layer equation (18), subject to the requirements (26) and (25), and matching with the flow upstream that is represented by the expansions (59), (62), and (69), the flow quantities in the core region then are easily found to be expanded in the form
Herein, the sum in Eq. (71) 
The behavior ofÂ in the limitŝ → ∞ given in Eq. (72) (73) and (74) must be positive, in order to account for the singular behavior of the integrands due to the near-wall behavior given by (26) and (25), but otherwise can be chosen arbitrarily. The relationship (74) forΨ Hence, we introduce sublayer quantitiesΨ ,Ŷ of O (1) as
Note that Σ + is seen to be of O(π +6 ) and, in turn, negligibly small in this sublayer. As a result, here the BL equations of classical, i.e. laminar, type are fully retained to leading order:
Herein, the initial conditions forŝ → −∞ provide a match with the flow in the region wheres = O(1) and implyΨ
, in agreement with the expansion (67). The matching condition forŶ → ∞, see Eq. (77), reflects the inviscid nature of the flow on top the sublayer, i.e. within the core region.
It is instructive to outline how the behavior ofΨ forŶ → ∞ then can be derived solely from the conditions (78) of matching with the flow upstream. Integration of the inviscid part of Eq. (76) reveals that Bernoulli's law holds in the limit Y + → ∞, here expressed througĥ
Herein, −2(−ŝ) 1/2 and Φ(Ψ ) represent, respectively, the pressure term and an at first unknown total head. By taking into account Eq. (66), one infers from matching the sublayer with the region where
The first two terms of this expansion allow to determine Φ(Ψ ) in the limitΨ → ∞: since higher-order terms are inherently s-dependent and, correspondingly, lead to an additional s-dependence of Φ, they cannot contribute to the "inviscid" part of Φ. By disregarding them, integration of the second of the relationships (79) then yields Φ =Ψ − 2 −1/4 a 0Ψ 3/4 ; from subsequent integration of the first of those relationships one obtainŝ
In this expansion the pressure term is found as a particular solution of Eq. (79) and terms of O(Ẑ −3/2 ) are affected by the shear stress term in Eq. (76). Furthermore, the "constant"Â 1 of integration with respect tô Y follows from a match with the core region, according to Eq. (72).
The initial-boundary value problem posed by Eqs. (76)-(78) describes a BL under the action of an adverse pressure gradient. Most important, its solution is well-known to terminate at an (a priori unknown) position s =ŝ G < 0 in form of a Goldstein singularity; here we refer to Refs. 2,9,10, and the remarks stated by Neish and Smith 4 in connection with an akin situation that arises in their treatment of trailing-edge flow. (A thorough numerical treatment of Eqs. (76)-(78) that rigorously clarifies this property and determines the value ofŝ G will be provided in a subsequent related paper.) Here we only present the most relevant results from the local analysis of these equations by considering the representative limit
where the (positive) constant ω and the value ofŝ G are fixed by the solution of Eqs. (76)- (78):
Strictly speaking, the asymptotically correct description of that singular behavior requires the introduction of a further region whereŶ = O(ξ) or, equivalently,Ψ = O(ξ 3 ). In turn, this Goldstein region is characterized by the distinguished limit
The crucial result is provided by the square-root singularity exhibited by the shear rateΨŶŶ evaluated at the surface in terms ofŝ G −ŝ, cf. Eq. (82).
IV. Comparison with Numerical Results

IV.A. Kirchhoff-type Flow
Without going into the technical details, we note that the Kirchhoff-type potential-flow problem for the canonical case of a circular cylinder in uniform cross stream, as referred to in figure 1 on page 5 (a), has been solved numerically by employing the particular methods of conformal mapping elucidated in. 3 We now discuss the solutions displayed in figure 4. Let φ := 180 x/π, such that the position of S is characterized by the angle φ S , which is a function of k: φ S (k). One then obtains φ min := φ S (0) . = 55
• 02 ′ 30 ′′ , cf. Ref. 3 . In general, for a convex surface contour the BV parameter k increases for increasing values x = x S (k), φ = φ S (k). Also, the case of a body shape which is symmetric with respect to the free-stream flow direction serves as a sufficient condition that the free streamlines have the form of a parabola sufficiently far downstream of the body under consideration. Therefore, then they confine an infinitely large dead-water zone. Specifically, in the canonical case depicted here, the inflection point of the free streamlines is shifted to infinity as k → k max . = 0.49079, so that they meet asymptotically at infinity for k = k max and φ max := φ(k max ) . = 126
• 43 ′ 32 ′′ . Note that k ≥ 0 for geometrical reasons. Also, for k ≤ k max the dead-water region is semi-infinitely open, so that there the value of the pressure equals p 0,S or, equivalently, p 0,C and that of the pressure at infinity, denoted by p 0,∞ . For k > k max , however, the dead-water pressure p 0,S enters the problem as a further parameter. In that case the stagnant-flow region is cusp-shaped and of finite extent, cf. Ref. 22 . This type of potential flow is currently under investigation. Here we only note that the strictly attached potential flow, exhibiting a rear-stagnation point R, considered by Neish and Smith 4 then is seen as the limit of a class of flows that show an increase of p 0,S from p 0,∞ up to the limiting value p 0,R . According to Bernoulli's law, one readily finds that p 0,S + u 2 e,S /2, with p 0,S = p 0,C and u e,S = u e,C , equals the value p 0,∞ + 1/2 (= p 0,F ) of the total head, characteristic of the free streamline C. Furthermore, due to the strong inflection of the C near S as expressed by Eq. (10), u e → 0 in the limit k → ∞. Therefore, we expect that S approaches R then. Also, in this limiting case the need of a further potential-flow region in the vicinity of S is indicated as the expansions (7), (9), and (10) are only valid for |s| ≪ k −2 . In the present study, however, we tacitly restrict the analysis to flows exhibiting an open cavity. This assumption agrees with the original finding of a class of potential flows that are only parametrized by k, as already mentioned in § II. Both the regimes of the values of k that refer to an open and closed stagnant-flow region, respectively, are indicated by the light-and dark-shaded sectors in figure 4 (a) .
IV.B. Boundary Layer Flow
IV.B.1. Asymptotically Correct Reynolds Stress Closure
In order to obtain numerical solutions of the BL problem posed by Eqs. (12)- (15) for various values of k and T , the Reynolds shear stress function Σ is conveniently modelled on the basis of the mixing length formulation, which is associated with the concept of a rather sharp BL edge Y = δ, cf. Ref. 13 . In addition, in the case T → ∞ the solutions shall assume a behavior that is compatible with the asymptotic structure of the BL derived in § III. This is achieved if the mixing length is modelled as proportional to the "turbulent" BL thickness δ times a shape function, here denoted by ℓ, which is taken as the product of the two "lengths", l and l + . These account for the BL flow in the outer main region and the viscous sublayer, respectively, 
In these relationships η is defined according to Eq. (30), where δ is appropriately determined as the minimum value of Y where Σ is found to be numerically insignificantly small. The expression for l in Eq. (86) (87) represent an appropriate mixing length closure for in the fully turbulent case, expressed by the limit T → ∞. In this limit it enforces the transition towards the small-defect BL, considered in § III.A, as Eqs. (86) and (87) provide a common overlap of the main and the sublayer as it predicts the widely believed linear variation of ℓ with distance from the wall in the overlap domain, ℓ ∼ κη, which is usually argued for by bringing forward dimensional reasoning. 13 This fully agrees with the form of the closure already addressed in § III.B.1 and expressed through Eqs. (39) and (51). In turn, the overlap behavior given by Eqs. (27) , (28) , and (34), is revealed. Specifically, applying the above model to the "universal" sublayer functions Ψ In the following, we solely discuss the solutions obtained for the specific value k = 0.3, which exhibit the rather surprising property that the strength of the Goldstein-singularity weakens for increasing values of T : from this scenario one then infers (needless to say, with some caution) that for a certain range of values of k (within the interval 0 < k < k max in case of the circular cylinder) the Goldstein singularity vanishes for critical values of T .
The condition of matching with the external flow has been satisfied numerically at Y = δ within the range 10 ≤ δ ≤ 100, where δ has been increased properly for increasing values of the parameter T . The latter is varied from T = 0 up to T = 10 5 ; higher values result in numerical difficulties which could only be overcome by employing a considerably higher grid resolution. Hence, the BV singularity is seen to take place at φ = φ S . = 86 • 1 ′ 54 ′′ , as indicated in figure 4 on page 18 (b) and figure 5 by vertical dotted lines. The resulting distributions for the reduced wall shear stress, Ω, together with that for the displacement thickness, Υ , defined by
are plotted in the last figure. For sufficiently small value of T the BL behaves still laminar-like as the corresponding solutions are found to terminate in form of a Goldstein-type singularity at the location φ = φ G (k, T ), i.e. for x = x G (k, T ). That is, Ω(x; k, T ) − (x G ; k, T ) and Υ (x; k, T ) − Υ (x G ; k, T ), respectively, vary with (φ G − φ)
1/2 to leading order as φ − φ G → 0 − , in agreement with the analytical results of § III.B.3. Furthermore, φ = φ G approaches φ = φ S for increasing values of T . Eventually, when T assumes a certain value, say T = T S (k) (here T S × 10 −4 is slightly below 4), φ G (T S , k) = φ S (k). In turn, for T ≥ T S the boundary-layer calculations break down at φ = φ S (k), where Ω exhibits a finite limit. In fact, for k = 0.3 the numerical results obtained for relatively large values of T strongly suggest a regular local behaviour of the solutions. Consequently, the fully turbulent BL obtained in the limit T → ∞ having a velocity defect of O(1/ ln T ), would not separate at all. This result is entirely in line with the analytical investigation given in Ref. 6 , which applies to the outer defect layer of a generic turbulent BL with an asymptotically small velocity deficit as φ − φ S → 0 − , i.e. for x − x S → 0 − . However, it apparently contradicts the analytically obtained results of § III.B.
V. Conclusions and Further Outlook
The present analysis is initiated by the assumption that, in the limit Eq. (1), the BL that stretches from F towards the point S of detachment of the free streamline is highly turbulent. Within the framework of BL theory this flow is governed by the Eqs. (12)- (15) for large values of T and under the action of a pressure gradient −u e u ex that is impressed by the external Kirchhoff-type flow, parametrized by the BV parameter k. It has been shown in Ref. 1 that, in the limit T → ∞, such a BL assumes the well-accepted two-tiered splitting. Furthermore, the existence of a front-stagnation point of the external potential flow ensures that T ≪ Re 1/2 . The hypothetical limit T = Re 1/2 pertains to a fully developed turbulent BL, where the viscous wall layer is characterized by a perfect equilibrium between the total and the wall shear stress to leading order. Moreover, we have demonstrated here that in this limit the strength of the Goldstein singularity that is induced by the rather abrupt pressure rise, expressed by Eq. (7), increases whereas the distance between its position and that of the BV singularity decreases asymptotically. This behavior is conveniently expressed by recasting the behavior ofΨŶŶ forŶ = 0 given in Eq. (82) with the aid of Eqs. (16), (57), (58), (70), (75), and (81),
(89) It is also seen from these relationships that for sufficiently large but fixed values of T the strength of the Goldstein singularity decreases further, accompanied by a corresponding shift of G towards S, in the limit k → 0 + that refers to laminar massive separation. 2, 7, 8 Contrarily, in the limit k → ∞, i.e. for u e,S → 0 as S is shifted towards R, which is associated with the problem of trailing-edge flow considered in Refs. 4 and Ref. 6 , the singularity decreases in strength whereas the breakdown of the BL equations is correspondingly delayed. Most important, as a consequence of the streamwise velocity defect of O(1/ ln T ) that characterizes the outer main portion of the BL, this region is found to be largely unaffected by the singular behavior expressed in Eq. (89): it exhibits a perturbation about the terminal velocity profile, expressed by F 0η (η; k), which is essentially of O[(−s) 1/2 ], see Eq. (40). It is quite interesting that this theoretically predicted behavior of a turbulent BL slightly upstream of separation is strongly supported by the interpretation of experimental findings as well as numerical solutions of the BL equations based on commonly employed turbulence closure schemes, see Tsahalis and Telionis.
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One should concede, however, albeit with some reservation, that the numerical results presented in § IV.B do not exclude the possibility that the Goldstein singularity is avoided for certain values of k. To the authors' present opinion, this situation is closely related to the suppression of eigensolutions that trigger the asymptotic splitting of the wall layer flow elucidated in § III.B.2. Of course, further research is required to shed light on the possibility of a second, different type of separation associated with this behavior.
Needless to say, however, an asymptotically correct description of the separation process requires an investigation of the full Reynolds-averaged equations of motion (2)- (4) . Such a theory is presumably devised by exploiting the triple-deck formalism, 2 in order to take into account locally strong viscous/inviscid interaction in the vicinity of S. The consequences of such a strategy include, amongst others, a distinguished limit T = T (Re) as T → ∞ and Re → ∞ and were already alluded to by Neish and Smith, 4 who propose T = O(Re −1/18 ) for the case 0 < k < ∞ of interest here. They arrive at this conclusion by exploiting scaling arguments and the assumption that the canonical triple-deck problem describing laminar break-away separation, established by Sychev 7 and originally solved numerically by Smith 8 (see also Ref.
2), can even be applied to the developed turbulent case. The latter property apparently has a profound basis as the region of nonlinear breakdown discussed in § III.B.3 then plays the role of the lower deck. In our point of view, however, their conclusion seems tentative for three reasons: first, their finding does not properly take into account the logarithmic law of the wall (28) and the inherently associated asymptotically small velocity deficit in the upper deck that is located at the base of the outer main region of the BL. Secondly, as has been demonstrated by Melnik and Chow, 28 the BL approximation ceases to be valid already in a region of streamwise extent of O(T γ) that compares with the BL thickness, according to Eq. (16) , and where the effect of the pressure gradient acting normal to the surface becomes important. Third, it is not clear for the time being how turbulence alters the downstream conditions that supplement the original triple-deck problem and account for the development of a separated shear layer and the region of weak reverse flow. These issues are topics of the ongoing research. Here we only give a rather coarse estimate for an upper bound of T : since the governing equations (2), (3) are required to reduce to a BL approximation in the lower deck, its streamwise extent must be asymptotically larger than that perpendicular to the surface in the limit (1). One deduces from Eqs. (11), (30) ), giving T ≪ Re 1/6 (ln Re) 13/3 . The most interesting feature, however, of the interaction problem to be derived concerns uniqueness of its solution. As in the laminar case, 8, 29, 30 it is very likely that a solution only exists for a single value of 0 < k < ∞ which remains the only parameter entering that problem. Hence, in contrast to the laminar case where the solution approximately fixes the value of kRe 1/16 as Re → ∞, for a developed turbulent BL the position of S on the body surface and hence the global potential flow is presumably selected by the solution of the local interaction problem.
A BL description akin to that presented here likely applies also to a further related topic of interest from the point of view of aerodynamics, namely, turbulent trailing edge-flow past a plate under angle of attack, then measured by k. Here we refer the preliminary asymptotic results given by Melnik and Chow.
28 Most important, it is very likely that a rational description of separation then also predicts a maximum level of turbulence intensity in the oncoming attached BL. As a remarkable -although tentativeconclusion drawn from these considerations is that the Reynolds stresses in a turbulent BL along a body of finite dimensions that undergoes break-away separation never exhibit their theoretically maximum possible magnitude, associated with the well-established two-tiered fully developed turbulent BL that was described in a self-consistent manner by Mellor 5 and is recovered in the case T = Re 1/2 . A discussion of the consequences of this finding are certainly beyond the scope of the present analysis. However, it is corroborated by the fact that for fully developed turbulent flow the viscous wall layer is exponentially thin compared to the outer defect layer as these regions have thicknesses of O(ln Re/Re) and O(1/ ln Re), respectively, cf. Eqs. (16), (30) , by noting that σ = γ, and (38): that is, the triple-deck structure then does not apply here as the displacement exerted by the lower deck located in the wall layer is too weak to generate a sufficiently large pressure feedback in the same region which originates from the upper deck in the small defect-region. It seems that such a BL withstands a pressure rise that is associated with a value of k of O(1), cf. Eq. (7), which, however, contradicts the basic assumption of free streamline originating in S. In turn, it is felt that a proper coupling between k, T , and Re in the aforementioned case k → ∞ implies larger values of T than those allowed in the case k = O(1), which is also indicated by Eq. (89). A treatment of this type of trailing-edge flow, based on the preceding analysis given in Refs. 4, 6, will be presented in a subsequent study.
